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DUALITY FOR LARGE BERGMAN-ORLICZ SPACES AND 
BOUNDEDNESS OF HANKEL OPERATORS 


BENOiT F. SEHBA AND EDGAR TCHOUNDJA 

Abstract. For B™ the unit ball of C", we consider Bergman-Orlicz 
spaces of holomorphic functions in L®, which are generalizations of clas¬ 
sical Bergman spaces. We characterize the dual space of large Bergman- 
Orlicz space, and bounded Hankel operators between some Bergman- 
Orlicz spaces A* 1 (B”) and A* 2 (B n ) where <f>i and $2 are either convex 
or concave growth functions. 


1. Introduction 

Let B n be the unit ball of C n . We denote by du the Lebesgue measure 
on B n and da the normalized measure on § n = <9B n (the boundary of B n ). 
The space "H(B n ) is the set of holomorphic functions on B n . 

For z = (zi, • • • , z n ) and w = (w\, • • • , w n ) in C n , we let 

(z, w) = ziwl H-b z n Wi 

so that |z| 2 = (z, z) = |zi| 2 + • • • + \z n \ 2 . 

We say that a function is a growth function if it is a continuous and 
non-decreasing function from [0, 00 ) onto itself. 

For a > — 1, we denote by du a the normalized Lebesgue measure dv a (z) = 
c Q ( 1 — |z| 2 )“du(z), with c Q such that iz a (B n ) = 1. For a growth function, 
the weighted Bergman-Orlicz space Aj(B n ) is the space of holomorphic 
functions / such that 

\\f\\a,$ ■= [ $(\f{z)\)dva(z) < 00 . 

J i" 

More generally, we will also consider the Orlicz space L^(B n ), that is, the 
space of functions / such that 

\\f\\a,$ ■= [ ^(\f(z)\)du a (z) < 00 . 

JM n 

Hence A*(B n ) is the subspace of L^(B n ) consisting of holomorphic func¬ 
tions. 

We define on A^(B n ) the following (quasi)-norm 

(1) ll/llSt := inf{A > 0 : J $ (hM) dl , a(z) < 1} 

which is hnite for / G M^B™) (see pTTj 1. 
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When <b(i) = t p , we recover the classical weighted Bergman spaces de¬ 
noted by A V a(J& n ) and defined by 

11/11^ = 11/11^ := / |/(*F<Mz) < oo. 

,Aq J b" 

We say that a growth function is of upper type q > 1 if there exists C > 0 
such that, for s > 0 and t > 1, 

(2) $(si) < CT 9 $(s). 

We denote by the set of growth functions of upper type q, (for some 
q > 1), such that the function 1 H > is non-decreasing. 

We say that <f> is of lower type p > 0 if there exists C > 0 such that, for 
s > 0 and 0 < t < 1, 

(3) $(st) < Ct p <S>{s). 

We denote by SA V the set of growth functions <f> of lower type p, (for some 
p < 1), such that the function 1 i—>■ is non-increasing. 

We say that satisfies the A 2 -condition if there exists a constant K > 1 
such that, for any t > 0, 

(4) $(2 1) < K$(t). 

Recall that two growth functions and $2 are said equivalent if there 
exists some constant c such that 

c$>i(ct) < $2 (t) < c _1 4>i(c _1 t). 

Such equivalent growth functions define the same Orlicz space. Note that we 
may always suppose that any <f> € (resp. is concave (resp. convex) 
and that <f> is a function with derivative < J ), (f) ±2 (see [3j for the lower 
type functions). 

Let us observe that if is of upper type (resp. lower type) pi, then it is of 
upper type (resp. lower type) P 2 for any 00 > P 2 > Pi (resp. P 2 < Pi < 00 ). 
Hence, when we say 4> 6 (resp. G -£)>), we suppose that q (resp. p) 
is the smallest (resp. biggest) number q\ (resp. p\) such that is of upper 
type q\ (resp. lower type pi). 

We denoted by L p a { B n ), 0 < p < 00 , the Lebesgue space with respect to 
the measure dv a . 

The orthogonal projection of L^(B n ) onto ® n ) is called the Bergman 
projection and denoted P a . It is given by 

(5) Pa{f){z)= f K a (z,t)f(0dis a ($, 

J B n 

where 

K ^ z ^) = (i _ (z,^))"+i+“ 

is the weighted Bergman kernel on B n . We denote as well by P a its extension 
to L l a {W). 

It is well known that the Bergman projection P a is bounded on Lq(B n ) 
for all p € (1, 00 ). One of the consequences of this result is the fact that the 
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topological dual space of the Bergman space A p a { B n ) identifies with A|(B n ), 
with | + | = 1, under the integral pairing 

(6) (f,g)a ■■= [ f{z)g(z)dv a (z ), 

/ € LS(B"), g G Ll (B"). 

The boundedness of the Bergman projection has been extended to the 
setting of Orlicz spaces for the class of Young functions in |3], and this 
provides as a consequence that the dual space of the Bergman-Orlicz space 
^4^(B n ) can be identifies with another Bergman-Orlicz space that we will 
specify in the next section. 


Our first interest in this paper is the characterization of the dual space 
of the Bergman-Orlicz spaces defined from the class ££ v . We note that this 
class generalizes the class of power functions <j>(t) = t p , 0 < p < 1 , and we 
have that for <h € the following inclusions hold 

(7) ^(B' ra ) C ^(B n ) C ^(B n ). 


We recall that given an analytic function / on B n , the radial derivative Rf 
of / is defined by 


R f( z )=iz z j§^.^- 


3 = 1 


For 0 > 0, we denote by r^B 71 ) the space of holomorphic functions / for 
which there exists and integer k > /3 and a positive constant C such that 

\R k f(z)\ < C{1 - \z\ 2 f~ k . 


Remark that for 0 = 0, the class T^B”) coincides with the usual Bloch class 
B. The Bloch class is the space of holomorphic functions in B n such that 

sup \Rf{z)\(l — \z\ 2 ) < oo. 
z£ B" 

For 0 > 0, it coincides with the class of Lipschitz functions of order 0. 

It is known that, for 0 < p < 1, the dual of the Bergman space B n ), 
coincides with r / g(B ri ) with 0 = (n + l + a)(^ — 1) under the integral pairing 


(8) lim f f{rz)g(z)dv a {z) 

(see [HI]). 

To a growth, we associate the function 

_ 1 

p[t] ~ t^a/ty 

The function p is quite relevant in the study of Orlicz space of analytic 
functions (see 13 E HU EE] and the references therein). Note in particular 

that in the case of ^(B 71 ), <h(t) = t p and p(t) = t? _1 , hence / € T / 3 (B n ) 
can be written as 

\R k f{z)\ < C{ 1 - \z\ 2 )~ k p ((1 - | 2 | 2 ) n+1+ ") . 
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From this observation, we will make the following generalization. Let p be 
a positive continuous increasing function from [0, oo) onto itself. Let 7 > 0. 
We say that p is of upper type 7 on [0,1] if there exists a constant C such 
that 


(9) 


p(st) < Cs 1 p(t), 


for s > 1 and st < 1. We will call a weight, a function p which is a continuous 
increasing function from [ 0 , 00 ) onto itself, which is of upper type 7 , for some 
7 > 0 . 

Now for a > — 1 and a weight p (of upper type 7 ), we define the weighted 
Lipschitz space r QjP (B n ) as the space of holomorphic functions / in B n such 
that, for some integer k > 7 (n + 1 + a) and a positive constant C > 0 , we 
have 

\R k f(z)\ < <7(1 - \z\ 2 )~ k p ((1 - \z\ 2 ) n+1+a ) . 

We will show that, as in the classical Lipschitz spaces, these spaces are 
independent of k. This allows us to see r Qi p(B n ) as a Banach space under 
the following norm 


r a , p (B™) — 1/(0)1 + SU P 


2 \k 


\R k f(z)\(l-\z\ 2 ) 
p(( 1 - \z\ 2 ) n+1+a ) ’ 


The following is our first main result which extends the duality result for 
classical Bergman spaces with small exponent to Bergman-Orlicz spaces with 
concave exponent. 


Theorem 1.1. Let a > -l, d> € and p(t) = ■ Then the 

topological dual space (7l^(B n ))* of A^(M n ) identifies with r Q , i p(B n ) under 
the duality pairing 

(10) (f,g)a := I™ [ f(rz)g(z)du a (z), 

JB n 

where f € 7lJ(B n ) and g € T Q , !P (B n ). 


The proof of the above result required two main steps. First one has to 
insure that the above definition of the space r Q , !P (B n ) does not depend on 
the choice of the number of derivatives. Second, one needs a nice example 
of functions in the Bergman-Orlicz space (B n ) and a generalization to 
large Bergman-Orlicz spaces of the following inequality known for Bergman 
spaces with exponent 0 < p < 1 (see BSI). 

(11) [ l/MI(i - |z| 2 ) ( i- 1)( ” +1+ “ ) <M4) < C||/ll£, r 

J B" 


For b G -4.^(B n ), the small Hankel operator with symbol b is defined for 
/ a bounded holomorphic function by hb(f ) := P a (bf). 

Boundedness of the small Hankel operator between classical weighted 
Bergman spaces has been considered in [2] where using duality and test 
functions, the authors obtained a full characterization of bounded Han¬ 
kel operators between Bergman spaces except for estimations with loss i.e. 
hb : 7lS(B n ) 1 —> 7la(B n ) with 1 < q < p < 00 . The estimations with loss 
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have been recently handled by J. Pau and R. Zhao in [7], closing the subject 
for the classical weighted Bergman spaces. 

Our second interest in this paper is for the boundedness of the small 
Hankel operators hb from _4.* 1 (B ri ) to A^ 2 ( B n ). We do not use a specific 
method but combine several techniques some of them appearing in [2] or used 
in the case of Hardy-Orlicz spaces in mm • In particular, when considering 
boundedness of hb on *4,J(B n ) with e % q , we use a weak factorization 
result of the Bergman space *4.^ (B n ) in term of Bergman-Orlicz functions, 
extending the usual weak factorization for this space. Nevertheless, we do 
not generalize this method for the whole situation, as when <3?i and $2 are 
growth functions with T 2 € % q , we are dealing only with the upper triangle 
case, i.e < 1 ) 7 1 ( 7 )'J / ^ 1 (^) £ 9/ q , ^2 being the complementary function of <^2 
to be defined later. 

The ranges of the symbols of bounded Hankel operators obtained here 
are some weighted Lipschitz spaces related to the dual spaces of Bergman 
Orlicz spaces with concave growth functions as given above. This will allow 
us to study the boundedness of the Hankel operators between Bergman- 
Orlicz spaces in the same range of growth functions as in mm- However, 
when $2 is a concave growth function, we will suppose that < 1*2 satisfies a 
Dini condition to be defined later. This will cause additional restrictions 
on the growth functions <J>i and < 1*2 for which we are able to extend the 
Hankel operators, hb, into bounded operators from Af x l (B n ) into yf^ 2 (B n ). 
In particular, we are able here to handle the cases where the growth functions 

are given by $i(i) = ( 1 ^+ 7 ))^, P < 1 and $ 2 (*) = (l^fey) , s < 1. 
Moreover, our results generalize the results obtained in [2]. 

The paper is organized as follows, in section [2] we collect some results that 
are needed to characterize the dual spaces of large Bergman-Orlicz space and 
to study the boundedness propoerties of Hankel operators between Bergman- 
Orlicz spaces. In section [3j we deal with the duality question for Bergman- 
Orlicz spaces with concave exponent. In the last section, each subsection 
is devoted to the study, in each case, of the boundedness of the Hankel 
operator hb from M $1 (B n ) into M' I>2 (B n ), when € £A V or ty/ q , i = 1,2. 

Finally, all over the text, C will be a constant not necessary the same 
at each occurrence. We will also use the notation C(k) to express the fact 
that the constant depends on the underlined parameter. Given two positive 
quantities A and B , the notation A < B means that A < CB for some 
positive constant C. When A < B and B < A, we write A ic B. 


2. Preliminaries 

In this section, we recall some known results that are needed in our study, 
we also extend to Orlicz setting many some classical results known for the 
Bergman spaces. 

2.1. Some properties of growth functions. We collect in this subsection 
some properties of growth functions we shall used later. For <h a convex 
growth function, we recall that the complementary function, T : R + —>• R + , 
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is defined by 
( 12 ) 


'k(s) = sup {ts — 4>(t)}. 
teM+ 


One easily checks that if <h E q , then T is also a growth function of lower 
type such that t i —> is non-decreasing but which may not satisfy the 

A 2 —conditon. We say that the growth function <f> satisfies the V 2 — condition 
whenever both $ and its complementary satisfy the A 2 —conditon. 

For $ at 1 growth function, the lower and the upper indices of 4> are 
respectively defined by 

• j t&(t) 

:= ml - . . and 0 * := sup———. 
t>o $(t) * t >0 $(*) 

We recall that when <f> is convex, then 1 < a# < 6$ < 00 and, if is concave, 
then 0 < < 6$ < 1. We have the following useful fact. 

LEMMA 2.1. Let <I> be a C 1 growth function. Denote by p and q its lower 


and its upper indices respectively. Then the functions and ^ 


are 


increasing. 

Proof. We only prove that is increasing. The proof is the same for the 
second function. Recall that by definition of p, we have p < for any 

t > 0. It easily follows that 


*'(*) *(*). nt) 

tp P tp +i - tp 


V tp 

The proof is complete 


t<m m = n 

$(*) tp+ i 


□ 


REMARK 2.2. One useful way to use this lemma is to observe that it 
allow us to say that, if <J> E then the growth function defined by 


%(t) = ^(f 1 / p ) , is in Li/ q for some q > 1. So we may assume that 


convex. 


is 


We also observe that a$ (resp. b$) coincides with the biggest (resp. small¬ 
est) number p such that $ is of lower (resp. upper) type p. 

We say that $ E ^ q satisfies the Dini condition if there exists a constant 
C > 0 such that, for t > 0, 


(13) 


f 

■Jo 


Lfids < ciA 

s z t 


We observe that if d> satisfies (fl3l) . then satisfies the V 2 —condition. 

We will also make use of the following properties of growth functions 
established in section 2 of mi- We recall them here for quick references. 

PROPOSITION 2.3. The following assertion holds: 


3-1 


W 1 /p. 


<J> E L£ v if and only if T 

LEMMA 2.4. Let <J?i E and d >2 € a J/ q , and T 2 the complementary 
function 0 /d> 2 . Let be such that 

Then E ££ r for some r < p. 
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LEMMA 2.5. Let be a growth function and 4>2 € Pi{t) = 1 

and X S >2 the complementary of ^ 2 - Then, if 

Pi 


: = 


P2 


we also have 
(14) 

and vice-versa. 


$ *(*)-V(i)V(t) 


LEMMA 2.6. Let <f>i and 4>2 6e in and ^>2 the complementary function 
of 4>2. Let 6e such that 4> _1 (t) = 4>^ 1 (t)4/^" 1 (t). We suppose that $2 
satisfies the Dini condition H13\ ) and that 

$2 lo ®i(t) . 

--- is non-increasing. 

Then 4> € T£ v for some p > 0. 

The following can be adapted from EH! 

PROPOSITION 2.7. For 4>i and 4>2 two growth functions of lower type, 
a > —1, the bilinear map ( f,g ) i-a fg sends L^ 1 x L^fi onto L%, with the 
inverse mappings o/<J> 1,4*2 and <J> related by 

(15) <3? _1 = Qf 1 x 1 . 

Moreover, there exists some constant c such that 



2.2. Boundedness of the Bergman projection. We start by recalling 
the following result in [1], 

PROPOSITION 2.8. Let a > — 1, there exists a constant C > 0 such that 
for f € ^(B n ) 

({z € IT : \P Q f(z)\ > A}) < oMilifL. 

The next result follows from interpolation with Orlicz functions (see [ID- 

PROPOSITION 2.9. Let a > — 1 and 4> £ 9/ q . Suppose that 4> satisfies 
the V 2 —condition. Then the Bergman projection P a extends into a bounded 
operator on L%{ B n ). 

From the duality result in since P a is bounded in L® for € ty/ q 
that satisfies the V 2 — condition, we obtain the following duality result in 
this case. 


PROPOSITION 2.10. Let 4* £ 9/ q and a > — 1. Suppose that 4? satisfies 
the V 2 ~condition and denote by T its complementary function. Then the 
dual space (*4j(B n ))* of A^(M n ) identifies with Al^(B n ) under the integral 
pairing 


{f,9)a= I f(z)g(z)dv a (z), /€AlJ(B n ), g £ B n ). 
J B n 
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2.3. Lipschitz-type spaces. We consider in this subsection some weighted 
Lipschitz spaces and their logarithmic counterparts. We recall that given 
an analytic function / on B n , the radial derivative Rf of / is defined by 

R f( z ) = 

j =i 1 

For a > — 1 and a weight p (of upper type 7 ), we recall that the weighted 
Lipschitz space r QjP (B n ) has been defined as the space of holomorphic func¬ 
tions / in B n such that, for some integer k > 7(71 + 1 + a) and a positive 
constant C > 0 , we have 

\R k f(z)\ < (7(1 - \z\ 2 )~ k p ((1 - \z\ 2 ) n+1+a ) . 

We will also need a logarithmic version of the above space, Lr QiP (B n ), de¬ 
fined as the space of holomorphic functions / in B n such that, for some 
k > 7(71 + 1 + a) and a positive constant C > 0, we have 

\R k f(z)\ < <7(1 - \z\ 2 )~ k p ((1 - \z\ 2 ) n+1+a ) (log —• 

One can show that, as in the classical Lipschitz spaces, these spaces are 
independent of k. We prove this in the following proposition. 

PROPOSITION 2.11. Let p be a weight satisfying (0J). The weighted (resp. 
logarithmic weighted) Lipschitz spaces r Q , jP (B n ) (resp. LF atP (M n )) are inde¬ 
pendent of various values of k. 


Proof. Let us provide a proof for r a)P (B n ), the proof for LT atP (M n ) requires 
only few harmless modifications. 

Let / be an holomorphic function in B n . Let us first suppose that there 
is a constant (7 > 0 such that for some nonnegative integer k > (to +1 + 0)7 
with 7 as in @, and any 2 € B n , 


(16) \R k f(z)\ < (7(1 - \z\ 2 )~ k p ((1 - \z\ 2 ) n+1+Q ) . 

We want to show that (usd holds for k + 1 . 

From (USD, it follows in particular that as p is increasing on (0,1], the 
function \R k f(z)\(l — \z\ 2 ) k is bounded on B n . Hence, for /3 sufficiently 
large (in fact (3 > k — a — 1 will do ), we have the representation 


Thus 

\R k+1 f(z)\ 


R 1 


: f{z) = C a p [ 

J B 


R k f(w)(l — \w\ 2 )P 
v ( 1 - (z, w)) n+1+f)+a 


dv a (w). 


< 


< 


f (to + 1 + /3 + a){z,w)R k f(w)(l - \w\ 2 Y , 

/ - n - 7 - X^n+2+0+a - dv ^ W > 

J B" (1 — ( Z,W}) ' 

f \R k f(w)\(l — \w\ 2 )P 


|1 — ( z,w)\ n+2+ P +c 


-dn a (w) 


f 

Jw 


p ((1 — |u;| 2 ) n+1+Q ) (1 — \w\ 2 )P' 


-k 


|i - ( z,w)\ n+2 +h+ c 


-dv a (w) 


= h + h, 
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where 


and 


h = 


h = 


l 


~|ui| 2 < 1 —|^|- 


l 


p ((i — |u>i 2 ) n+i+ “) (i — i w\ 2 y k 
|1 - (z,w)\™+ 2 + 0 +a 

p ((1 — |u;| 2 ) n+1+Q ) (1 — \w\ 2 )P~ k 


dv a (w) 


-M 2 >i-|d 2 


|1 - (z,w)\ n+ 2 + P +a 


dv a (w). 


Let us start by estimating the integral I\. Using the monotonicity of the 
weight p and El Propostion 1.4.10], we obtain 


< p{(l-\z\ 2 ) n+1+a 


p ((1 — |u;| 2 ) n+1+Q ') (1 — \w\ 2 )P 


2\B—k 


-M 2 <i-ld 2 |1- ( Z ,w)\ n + 2 +P+ a 

{l-\w\ 2 f~ k 

-\w\*<l-\z\* |1 - ( Z,w)\ n + 2 +P+ a 

< (i-N 2 r fc -v((i-N 2 ) n+i+a ). 


\L 


dv a (w ) 

dv a (w) 


To handle the integral I 2 , we use ([9]) and m Proposition 1.4.10] once more, 
and we obtain 


L 


2\B-k 


h = 

< c 


p ((1 — \w\ 2 ) n+1+a ) (1 — | w\ 2 Y 
-M 2 > 1 -M 2 | 1 - (z,w)\ n + 2 +P+ a 

P ((1 — |z| 2 ) n+1+ ") f (1 — | U ;| 2 )^~ fc +( n +l+“)T' 


(1 - |z| 2 )( n+1+a h' 


|1 - (z,w)\ n+ 2 + P +c 


dv a {w) 
du a (w ) 


< r P l Z ! 2 ) n+1+Q ) x q_ I |2\-fc-l+(n+l+a)7 

S (1 - | z | 2 )(n+l+a ) 7 X ^ |Z| > 

= C(l- \z\ 2 )~ k ~ l p {(l - |z| 2 ) n+1+ “) . 

We conclude that there is also a constant C > 0 such that for any z € B n , 

|i? fc+ 1 /(z)| < C{ 1 - |z| 2 )- fc "V ((1 - \z\ 2 ) n+1+a ) . 

Now, let us suppose that there is a constant C > 0 such that for some 
integer k > (n + 1 + a) 7 with 7 being the upper-type of p, and any z € B n , 


(17) 


\R k+ 1 f{z)\ < C{ 1 - |^| 2 )“ fc ”V ((1 - M 2 ) n+1+ “) 


We will show that this implies that we can find a constant C > 0 such that 
for any z € B n , 

\R k f(z)\ < C( 1 - \z\ 2 )~ k p ((1 - \z\ 2 ) n+1+a ) . 

We start by the following lemma. 

LEMMA 2.12. Let p be a weight. Then for any integer k > (n + 1 + a) 7 , 
there is a constant C depending on n, a , C, 7 where C and 7 are as in 0), 
such that for any 0 < t < 1 . 

f 1 p(s n+1+a ) - p(t n+1+a ) 


(18) 


o/c+1 


-ds < C'- 


t k 
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Proof. Let N be the smallest integer such that t2 N+1 > 1. Then we have 
using the monotonicity of the function p and © that 


* u 


E. r t2l+1 p[ s n + 1 + a 


q/u + 1 


-ds 


< 


JL, p(t n+1+a 2 (^+ 1 )( n + 1 +“)) 

/ , r—r-TTr—r .: 2 ‘t 


1=0 

N 

E 

«=o 


ifc+ i 2 i(fc+i) 

p^i!+l+Q2(l+l)(rt+l+a) 

t k 2 lk 
N 


< 


^2( n + 1 + a )T ^ ^ _) 2~l( k ~ (n+l+a)7) 




t k 

1=0 

p(t n+1+a ) 


N 


t k 


X> 

z=o 


— l(k— (n+l+a)7) 


< c 


p(t n + 1 +“) 

¥ 


The proof of the lemma is complete. 


□ 


Coming back to our proof, we first consider the case of \z\ > 1/2, z = r£, 
^ We recall the following identity for any holomorphic function g: 

(19) g(z)-gH/ 2)= f 

J 1/2 t 

Applying (fl9l) with g = R k f, we obtain using (fl8l) that for |^| > 1/2, 

\R k f(z)-R k f(rt/2)\ < 

< 

< 

< 

Hence for \z\ > 1/2, 

\R k f(z)\ < 5(1/2) + Ci(l - |z| 2 )“ fc p ((1 - |z| 2 ) n+1+ “) 


f 

J 1/2 


1 |^ fc+1 ff(^)| 


f 


dt 


C / (1 - *M) _fc_ V ((1 - f|z|) n+1+a ) dt 

J1/2 


c 


p(s 




q/c+1 


ds 


•li-hl s 
Ci(l- \z\ 2 )~ k p ({1 - \z\ 2 ) n+1+a ) 


5(1/2) = max |-R fc /(*)|. 
l*l<l/2 


with 
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Next for \z\ < 1/2, applying the mean value property to R k f(z ) — R k f( 0), 
and (fT71) . we obtain 


max \R k f(z)\ 2 = 

N<l /2 


< 

< 

< 

< 

( 20 ) < 


max \R k f(z) — R k f(0)\ 2 

4 n [ | R k f(w) - R k f(0)\ 2 dis(w) 

J |ui|<3/4 

4 n [ \R k+1 f (w)\ 2 dv{w) 

J |w|<3/4 

3 n max |i ? fc+1 /(^)| 2 
|*|<3/4 

3 n C 2 max (1 - \z\ 2 )~ 2k p ((1 - \z\ 2 ) n+l+a f 
|z|<3/4 V ’ 


3 n C 2 p(l) 2 . 


Hence using the latter and the fact that if Cq is the constant in ([9]), then 
for z € B n , 


( 21 ) ( 1 - \z\ 2 )~ k p({l- \z\ 2 ) n+l+a ) 

> (1- |z| 2 )- (n+1+ah p((l 


z |2^n+l+a) > 


Pi 1) 
Co ’ 


we obtain 

( 22 ) 

5(1/2) = max \R k f(z)\ < ({V3) n c) C 0 (l - \z\ 2 )~ k p ((1 - \z\ 2 ) n+1+Q ) . 
Thus for \z\ > 1/2, 

(23) \R k f{*)\ < Ci(l - \z\ 2 )~ k p ((1 - \z\ 2 ) n+l+a ) . 

For |z| < 1/2, using (1201) and (12IT) we have that for \z\ < 1/2, 


\R k f{z)\ < C 2 (l - \z\ 2 )~ k p ((1 - \z\ 2 ) n+1+a ) . 

Thus taking C = max{Ci, C 2 }, we obtain that for any z € B n , 

|i? fc /00| < C(1 - h| 2 )- fc p ((1 - \z \ 2 ) n+l+a ) . 

The proof is complete. □ 


As a consequence, the spaces, T QiP (B n ), LT a)P (M> n ) become Banach spaces 
under the following norms 


ll/llr^ptB") 

ll/l|z,r CI ,p(B") 


2 \k 


|/( 0 ) | + sup 


\R k f(z)\(l-\z\ 2 ) 

;a»/5((i-N 2 ) n+1+a ) 
l/(0)l + S HO - 1 log(1 - |2|2) 


where A: is a fixed integer strictly greater than 7(71 + 1 + a). 

We will show that the space r Q , !( 3 (B n ) is the topological dual space of 
^$(jjn) w j ien p anc [ are related by 


1 
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We recall the following fact from [T3l, Proposition 3.10]. 

PROPOSITION 2.13. Let <f> G and p(t) := , then p is a weight 

of upper type ± - 1. 

We will need the following differential operator of order k: 

Mf = [(n + k + a)I + H] ■ • ■ [(n + 1 + a)I + R] 

where / is the identity operator, k € N*. The following lemma can be proved 
using integration by parts. 


LEMMA 2.14. Let f,g be holomorphic polynomials on B n . Then the fol¬ 
lowing equality holds 

I f{z)g(z)dv Q (z) = C k} a [ f(z)M%g(z)( 1 - \z\ 2 ) k dv a {z), 

J B n J B" 

where C k , a Is a constant depending only on k and a. 

The following lemma is Lemma 2.2 of ]2]. 

LEMMA 2.15. Let ( aj) be a sequence of positive numbers, and let L k be the 
differential operator of order k defined by 

L k := {aol + R)(a\L + !?)■•■ (a k -\I + R). 

Then f belongs to T ( a(B ri ) if and only if there exist and integer k > /3 and a 
positive constant C such that 

\L k f{z)\<C(l-\z\ 2 f- k . 


As remarked in [ 2 ], the equivalence in the above lemma also holds if we 
multiply the right hand side of the last inequality by a logarithmic terms. 
That is, for fixed t G M, 

|i2 fc /WI<c , (i-HV“ fc |io g (i-N 2 )| t 


if and only if 

\L k f{z)\ < C(1 — \z\ 2 )P~ k \ log(l — l^l 2 )!*. 


Using the same kind of techniques as in Proposition 12.111 we can also 
show that for a weight p of upper type 7 , / belongs to r QjP (B n ) if and only 
if there exist an integer k > y(n + 1 + a) and a positive constant C such 
that 

\L k f(z)\ < C( 1 - \z\ 2 )~ k p ((1 - \z\ 2 ) n+1+a ) . 

The same is true for LT a ^ p (M n ). 

As a consequence of this fact, we have that 


(24) 

(25) 


ll/llr^pfB") - 
ll/lli,r a ,p(B' 1 ) — 


l/( 0 )| + sup 

zeE n 

1 /( 0 ) | + sup 

ze B n 


\Mff(z)\(l-\z\^) k 

p ((1 - | 0 | 2 ) n+1+ ") 

\Mff(z)\(l-\z\ 2 ) k 
p ((1 - \z\ 2 ) n+1+a ) 


log(l - |z| 2 )| 


where A: is a fixed integer strictly greater than 7(71 + 1 + a). 
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2.4. Some useful estimates. The next proposition gives pointwise esti¬ 
mates for functions in +((B n ), 4> G 2z+ 

LEMMA 2.16. Let 4> G and a > — 1. There is a constant C > 1 such 
that for any f G 4„(B n ), 

(26) \f(z)\ < C®- 1 


(1 - \z\ 2 ) n+1+c 


lux 


Proof. Let / G M’(IB n ). Note that if ||/||(“| = 0, then / = 0 a.e and 


consequently, we obviously have 
let A > 0 such that 4> 


la,<3? 

Let us assume that 


lux 


I/O, and 


L/Mi 

A 


4>( 1 1 / p ) is convex (see Remark 12.21) . that is subharmonic, and that the 


dv a (z) < 1. Using the fact that <3> p (t) : = 

f\f 
A p 

( i_U |2 \ n+l+o 

measures () dv a (w ) are probability measures (see 0 ) , we 

I/MI P ' 


obtain, for z G 

I/++ 




AP 


< 


< 


4* 


1 - U 


A p 

n+l+a 


1 - \z\ 


1 - <2T, W>| 2 

I/Ml 


n+l+a 


do a (w) 


4> 


A 


dv a [w) 


C- 


1 


(1 - |+) n+1+a 
Hence, for z G B n , we have 

1 


|/(+ p <CA+4>, 


v-l 


(i-N 2 ) 


2\n+l+a I — 


< cx p 4* 




i 


(i-N 2 ) 


2 \n+l+a 


From this, we have 


□ 


We also provide norm estimates for bounded functions in + 
are extension of the same type of result in [ 6 j Lemma 3.9]. 


$ /'mil' 


. These 


LEMMA 2.17. Let a > —1 and 4> G T£ v . For any bounded holomorphic 
function f in B n , one has: 


(27) ||/tS < 


Proof. The proof follows exactly as in [ 6 ] where we use instead the fact that 
4>+) := 4>++ is convex (see remark f2.2D . □ 



We also get the following estimates for bounded holomorphic functions in 
+((® n )i when 4> G % q . The proof follows exactly as in [ 6 ]. 


LEMMA 2.18. Let a > — 1 and 4> G . Let 0 < s < oo. Put 4 > s (f) = 4>+) 
and 4>+) = (4>(t)) s . For any bounded holomorphic function f in B n , one 
has: 
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and 


(29) 




l/s 


3. Duality for large Bergman-Orlicz spaces 

The following Lemma generalizes the inequality (HID . As in the classical 
weighted Bergman spaces, this Lemma is crucial to characterize the dual 
space (^ 2 (® n ))* of 

LEMMA 3.1. Let a > — 1, <f> G ££ v and p(t ) = ■ There is a constant 

C > 1 such that for any f € A„(lB n ), 

(30) f |/(z)|p((l-N 2 r +1+ ”)^W<C||/t|. 

J B" 

Proof. The idea of the proof is an adaptation of the proof in the clas¬ 
sical Bergman spaces and make uses of the pointwise estimate of func¬ 
tions in More precisely, let / € ^(B n ) and A > 0 such that 

f Bn $ dv a (z) < 1. We have 


[ \f(z)\ P ((i-\z\ 2 r +i + a )dv a (z ) 
J B n 


= A / T 


\m\ 


I/Ml 


$ 


J/Mi 

A 


p((l-\z\ 2 ) n+l+a )dv a (z). 


Using (1261) . we have that, for 2 € B n , 


\m\ 


< 


-1 


(1 - |-|2)n+l+o 


lux 


< c$ 


-1 


a, <£> 


_ U|2^n+H-a J 


From this, using the fact that t/<3?(f) and <1> are non-decreasing, we have 

[ \f{z)\p((l-\z\ 2 ) n+1+a )du a (z) 

J B n 


<C X $ 


\m\ 


$ 




(i-pp)" +i+c 


(i-LH)"+ 1 +“ 


p ((1 - \z\ 2 ) n+l+a ) dv a (z). 


The definition of p leads to 

I \f(z)\p((l-\z\ 2 ) n+1+a )dn a (z)<CX [ 
Js n J I" 

The proof is complete. 


\m\ 


dn a (z) < C A. 


□ 


We next prove the duality result which also extends the classical duality 
for Bergman spaces with small exponents. 
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Proof of Theorem ll.il First using Lemma 12.141 and Lemma 13.11 we obtain 


that, for any / € 

l</, g)a\ 


and 3 £ r aif 


lim 

r —>-1 


< 


f(rz)g(z)du a (z ) 

7 . 

Ck, a I™ ( \f(rz)\\M£g(z)\(l - \z\ 2 ) k diz a (z) 

J B" 


< 


c lim [ \f{rz)\p ((1 - \z\ 2 r +1+a ) dv a {z) 
r "A 1 Jb" 

< c||/ll£S- 

That is any g £T a p (B n ) dehnes a linear form on „4^(B n ) under the pairing 

m- 

Now that any linear form on „4^(B n ) is given by m can be justified 
by (0 and the duality result for the usual weighted Bergman spaces (see 
[16]). Thus we finish by proving that any element g in („4^(B n )) belongs 
to T QiP (B n ). Let a € B n . We will test (1101) with the function 


fa(z) = <K 


-1 


1 


(! - M ) 


2\n-\-l-\-a-\-k 


(1 _ | a |2)n+l+ Q y (1 _ ^ j0 ^n+l +a+k 

where A: is a fixed integer satisfying k > (n + l + a)(| — 1). 

Using Lemma f2.17l and Forelli-Rudin estimates (see for example [9j Propo¬ 
sition 1.4.10]), we see that f a is uniformly in „4^(B n ). That is there exists 
a constant C, independant of a, such that ||/ a ||^|, < C. We then get 

C > \(fa,g)a\ 

1 


= lim 

r —>1 


= lim 


-l 


(1 - |a| 2 ) n+1 +“ 
(1 - |a| 2 ) fc 


(i-H 2 ) 


2\n-\-l-\-a-\-k 


g{z) 


i — p(( 1 - |a| 2 ) n+1 +“) 

1 (1 — |a| 2 ) fc 


9(z) 


jn (1 _ ( rZ) a)) 


n-\-l-\-a-\-k 


.» (1 ~(rz,a)) n+1+a+k 
dv a (z) 


lim \Mjfg(ra)\ 


Ck,a P ((1 - | a |2)n+i+a) r ^ 1 
So, there exists a constant C such that for any a € B”, 

11 - lal 2 l fc 

„} , A M£g(a)\ < C. 

p(( 1 - |a|2)n+ 1 +a) ;l - 

This is equivalent to the fact that g € r Qi p(B n ). The proof is complete. □ 


4. HANKEL OPERATORS BETWEEN BERGMAN-ORLICZ SPACES 

We have gathered the results we need to study the boundedness of the 
small Hankel Operators between Bergman-Orlicz spaces. 

4.1. Boundedness of : H^B” - ) —> H^(B n ), In this subsection, 

we consider boundedness of Hankel operators on the Bergman-Orlicz 
spaces H^(B n ) for 4> a convex growth function in the class We start by 
considering a general weak factorization of weighted Bergman spaces with 
small exponents. 


dv a {z ) 























16 BENOIT F. SEHBA AND EDGAR TCHOUNDJA 

PROPOSITION 4.1. Let a > -1, 0 < p < 1 and <f> € Denote by T the 
complementary function o/4>. If we define by <F p (i) = 4>(t p ), then every 
function f G .41] (B n ) admits the following representation 

(31) f(z) = Y^fj( z ) 9 j(z), z G B n , 

j 

where each fj is in ^^(B™) and each gj is in „4.Q P (B n ). Moreover, we have 

Y, ii/jliSsjisjlft, < cii/Hp,«, 

j 

where C is a positive constant independent of f. 

Proof. First, let us recall with m Theorem 2.30] that, for b > {n + l + a)/p, 
there exists a sequence {aj} in B n such that every / G AabW 1 ) admits the 
following representation 


f( z ) = 

3 


I , 2 \fe-(n+l +a)/p 

\ a j\ ) 


(1 - (z,aj)) b 


where {cj} belongs to the sequence space l p and the series converges in the 
norm topology of yfa(B n ). Now take, for non zero Cj, 

| fl .|2^ b -( n + 1 +«) /P\ P/,q 

(l-(z,aj)) b J 



and 

| a .\2^ b -{ n + 1 + a )/P\ p / r 

tm? J 

where 1 = | + 1. It is clear that (13T1) holds. Using Lemma 12.181 and 
Forelli-Rudin estimates (see for example [9] Proposition 1.4.10]) with b large 
enough, we have 



(32) 


and 


ll/ill£i„ < c\c,\ p ^ q 


(! - |a,f) 


2 \-{n+l+a)/q 


4* 


-l 


(l-|aj| 2 ) n + 1 + c 


1/p 


IMS, < c\ of'" 


(1 - |a j | 2 )" ( ” +1+ “ )/ ’' 




(U>7FU TTT ° 


i/p' 


(33) 
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Now, using (1321) . (f33l) and the fact that <f> 1 (t)\k 1 (t) ±2 t, we have 


EiiaiiS,ii« ift. 


< 


/ 


C 




( 1 -Ki 2 ) 


2\-{n+l+a)/p 


V 


$ 


-1 


(l-|a j | 2 )’ I+1 +“ 


T” 1 

P 


(l-|a j | 2 )"+ 1+Q 


1/p 


< 


c E 


< CE \cj\ p < C||/ll?,«. 

3 


This finishes the proof. 


□ 


Using the weak factorization with p = 1, we can know show that, as in 
the classical case, for convex growth function <h, the small Hankel operator 
on is bounded if and only if the symbol lies in the Bloch space. 

THEOREM 4.2. Let <f> G such that <f> satisfies the Dini condition \13\) . 
and a > — 1. Then the Hankel operator hb extends into a bounded operator 
on A® (B n ) if and only ifbGB. 

Proof. First we recall that since satisfies (fliil) . then the dual of „4^(B n ) 
coincides with with T the complementary function of <h. Since 

< h” 1 (f)'P~ 1 (f) ~ t, by Proposition 12.71 for any / G and g G 

the product fg is in ^(B”) which has dual space the Bloch space B. Conse¬ 
quently, there is a constant C > 0 such that, for / G ^.^(B”) and g G „4.^(B n ) 

KW),S>«I = l(6./9>«l < C||6|| e ||/ 9 || 1 , 0 <C||6|| e ||/||^||»|lL"|. 

We conclude that if b G B, then hb is bounded from *4,^(B n ) into itself with 
\\h h \\<C\\b\\ B . 

Conversely, we suppose that hb extends into a bounded operator on A® (B n ). 
To prove that the symbol b G B, we only need to prove that there is a con¬ 
stant C > 0 such that for any / G ^(B n ), 

(34) |(6,/)a|<C'||/|| 1)Q . 

From Proposition 14.11 we have that any / G *4^(8”) can be written as 
/ = fj 9 j with Ej WfjWa^hjWa^ ^ c \\f\h,<*- It follows that 

\(b,f)a\ < 

< 

< 

< 

Thus, we have (|34l) and this complete the proof. □ 


E K 6 ’ fi9j)a\ = E \( h b(fj)>9j)a 

3 3 

E IM/i)lfelM£l 

3 

IIMEllAlfellwIfe 

3 

cWhbWWfh^. 
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4.2. Boundedness of h b : ^(B") -»• ^ 2 (B n ); ($i,$ 2 ) € x 2 §? p . We 
start this section by defining the space Al)„ eafc (B n ). 

DEFINITION 4.3. The space Al^ eaA ,(B n ) consists of all holomorphic func¬ 
tions f such that, for some constant C > 0, we have 

Xu Q ({z € B” : \f(z)\ > A}) < C for any A > 0. 

This becomes a Banach space under the following norm 

\\f\\i,weak = sup \u a ({z <E B n : |/0)| > A}). 

A>0 

We observe that from the above definition and Proposition 12.81 we have that 
the Bergman projection P a is bounded from L^(B n ) to •Al ueak (W l ). 

We have the following embedding result. 

PROPOSITION 4.4. Let <f> € T£ v , a > —1. Suppose that 4> satisfies the 
Dini’s condition 

( 35 ) r^ M < 

Then Al^ eafc (B n ) embeds continuously in *4.^(B n ) 

Proof. It is enough to prove that for any / € Al)„ eafc (B n ), there exists C > 0 


such that 

We have 
r 

1 $(\f\)(z)du a (z)<C. 

J B n 

r oo 

/ *(\Mz)dv. 

*{z) = / v a {{z G B" : \f(z)\ > A}) &(\)d\ 

Jn n 

Jo 

= I + J, 

where 


/ = 

and 

/ v a ({z € B n : \f(z)\ > A}) $'(A)dA 

Jo 

poo 

J = 

It is clear that 

j v a ({zeM n : \f(z)\ > A})$'(A)dA. 


I < i/ a (B n ) [ $'(A)dA = 4>(1). 
Jo 


To estimate the integral J, we use the definition of Al) i)eafc (B n ), the fact that 
±2 JjJ and satisfies the Dini’s condition (1551) . We obtain 

/ OO 

v a {{z€M n :\f(z)\> \})&(\)d\ 

f°° 4>'(A) f°° <f>(A) 

^ | \f\ \l,weak J -^d\^C\\f\\ l,weak J -j^-dX<C\\f\\ l,weak' 

The proof is complete. □ 

Under the Dini’s condition (|35l) . we easly obtain the boundedness cri¬ 
teria for the small Hankel operator h b from Al^ x (B n ) into Al^ 2 (B n ) when 
( 4 >i,<I> 2 ) £ % q x T£ v . This is a generalization of the case h b : Alo(B n ) —> 
Alo(B n ) with 1 < p < oo and 0 < q < 1 . 
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THEOREM 4.5. Let 4q € c t/ q and 4>2 € Jzfp, a > —1. Let '3 /1 be the comple¬ 
mentary function of &\ and, suppose that 4q satisfies the Dim’s condition 
m while 4*2 satisfies [35\) . Then hi, extends as a bounded operator from 
^(B 77 ) to At 2 (W) if and only if b G ^(B 77 ). 


Proof. We start by proving the necessity. Suppose that hb is bounded from 
Then for any / G ^^(B 77 ), we have 


[ b(Of(f)dMH) 

J B n 


K/(o)| < c\\h b (f)\t%. 


< CIMII/II 


lux 
a,$i ‘ 


We have used the fact that A% 2 (J 8 > n ) is continuously contained in A p a { B n ), 
and the evaluation at 0 is bounded on this space. It follows that b belongs 
to the dual space of „4„ 1 (B n ) that is b G ^^(B 77 ). 

Conversely, if b G ^^(B 77 ), then for any / G ^^(B 77 ), the product bf is 
in L^(B n ) by Proposition 12.71 Thus, hb{f) ■= P a {bf ) is in Al, eak (M n ) and 
consequently in ^l^ 2 (B n ) by Proposition 14.41 The proof is complete. □ 


4.3. Boundedness of hb'• A ^ 1 (B n ) — y A® 2 {J& n )\ (4q,4>2) € S£ v x £A V . Let 
us start this section by the following result. 


THEOREM 4.6. Let <fq G £A v , a > — 1 and 4>2 € . Ifhb extends into 

a bounded operator from ^^(B 77 ) into A% 2 (J 8 > n ), then the symbol b belongs 
to r a>pi (B n ) with p\(t) = — y j ) . Conversely, if b G r QiPl (B n ) ; then there 

exists a bounded operator from ^(^(B 77 ) into L^(E> n ) which we note Tb such 
that hb = P a Tb- 

Proof. That the boundedness of hb from A ^ 1 (B n ) into ^4„ 2 (B n ) implies that 
b belongs to P a . pi (B 77 ) = (B 77 ))* follows as in the first part of the proof 

of Theorem 1431 

It is easy to check that hb = P a Tb (see for example |2j) with 
T b f(z) = M£b(z)( 1 - \z\ 2 ) k J{z), 

where k > (n + 1 + a) — 1^. Recalling that b G WB 77 ) is equivalent 
in saying that for some constant C > 0, 

\Mjfb(z)\(l - \z\ 2 ) k < Cpi ((1 - \z\ 2 ) n+1+a ) , for all 2 G B n , 
and using Lemma 13.1 [ we easily get 

[ \T b f(z)\d^(z) < C||6||r„, / |/(z )|Pi ((1 - M)” +1+ “) du a (z) 

J B n J B n 

< C\\b\K P1 \\f\\a,^. 

□ 


As a corollary, we obtain 

COROLLARY 4.7. Let 4 q, 4>2 € a > — 1. Suppose moreover that 4>2 
satisfies the Dini condition L3|) . Then hb extends into a bounded operator 
from ^^(B 77 ) into „4^ 2 (B n ) if and only if the symbol b belongs to r QjPl (B 77 ) 

With pi(t) = 
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Proof. First we observe that the necessity is given by Theorem 14.61 From 
the same theorem, we have that for any / € T&(/) € L l a (M n ) 

with Tbf(z) = Mj?b(z)( 1 — \z\ 2 ) k f(z). As hb = P a Tb, we obtain that 
hb(f) € -A^eak^W 1 )- The conclusion follows now from that as <f >2 satisfies 
([35]) . A^ eaA ,(B ra ) embeds continuously into A,Q 2 (B n ). □ 


4.4. Boundedness of hb : A% 
section by observing that, for G 

fa{z) = ' 1 


' l ) —»• A„(B n ); $ € T£ v . We start this 
l , the following function 


-i 






1 — (z, a) 

log-- i To 5 


(1 - \a\ 2 ) n+1+a ) ) (1 - (z,a}) n + 1+a + k 6 l-\a 


is uniformly in A^B™) for k an integer such that k > (n + 1 + a) (T — 1 ). 

To see this recall that for any e > 0, there is a constant C > 0 such that 
log" 1 " x < Cx £ . It follows that 

(X — | a | 2 ^n+l+a+fc-e 


\fa(z)\ < C$ 


-1 


1 


(1 - \a\ 2 ) n+1+a J |1 - (z,a)\ n+1+a+k - 
for e small enough. We have also used the fact that, for o,z£l 


1 - (z, a) 


1 — lal 


> 


1 


Choosing 0 < e < k — (n + 1 + a)(| — 1), we write 


$(l fa(z)\)dv a (z) = 


L 


(i-kl 2 ) ^-i 
11 — I — 


$(\fa(z)\)dv a (z) + 


(i-M 2 ) i 


$(\fa(z)\)dv Q (z) =h + h. 


Using that is of lower type p and El Proposition 1.4.10], we obtain 


h = $(\f a (z)\)dv a (z) 

I (l-kl-O 
J ll-<z,a>l- 

2 [ (1 _ | a | 2 ^( n +l +a+k—s)p 


C 


2 f (i - | a |2)(n+I+a+/c- £ jp 

(1 - |a| 2 ) n+1 +" i B n |1 - ( Z)a }|(«+i+a+fc-e)p a ^ Z > 


< c. 

For the second integral, we use the fact that the function ^ ^ is non¬ 


decreasing on (0, oo), and [9] Proposition 1.4.10] to obtain 

®{\fa{z)\)dv a {z) 

2 r (1 _ \ n^ri+l+a+k-e 


h = 

c 


(i-kl 2 ) ^ , 

TTUTUT >i 


(1 — |a| 2 ) n+1+< 


f (1 - | a |2)^+i+«+fc- e j ^ ^ 

' L \l-(z,a)\^+*+ k -z a{z) 


< C. 

The following result holds. 


THEOREM 4.8. Let 4> G ££ p , a > — 1. Then the Hankel operator hb extends 
into a bounded operator from .4^(B n ) into A^(B n ) if and only if the symbol 
b belongs to Lr QiP (B n ) with p(t) = A ■ 
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Proof. First, we suppose that the function b € LT a)P {E n ). That is b G 'H(M> n ) 
and satisfies, for some k large enough, the condition 

\R k b(z)\ < a i - \z\ 2 r k P ((i - \ z \ 2 r +i+a ) (log 1 , 

with C > 0 an absolute constant. We prove that hb is bounded from .A^(B n ) 
into „4.,((B n ). Using Lemma 12.141 we have 


hb{f)(z) = Pa(bf)(z) = / b(w)f(w)K a (z, w)dv a (w) 

JM n 

= C k<a [ K a (z,w)Mgb(w)f(w)(l-\w\ 2 ) k dv a (w). 
J i" 

Now, by |9|. Proposition 1.4.10], we have 

[ \K a (z,w)\dv a (z) 22 log-— 

J B" 1 - H 

Combining these facts with the inequality (1301) . we obtain 

f \h b f(z)\dv a (z ) 

J B 7 * 

< cf [ \K a (z,w)\\M k b(w)\\f(w)\(l-\w\ 2 ) k dv a (w)dv a (z) 

J B n J B n 

< cf \M^b(w)\ flog- —— 12 'j ~ \ w \ 2 ) k \f (w)\di / a (w) 

< C\\b\\ L r atP [ \f{w)\p((l-\z\ 2 ) n+1+a )dv a (w) 

J B n 

< C||6|| Lr „„ll/llL“|. 

This complete the first part of the proof. 

Conversely, if h b is bounded from ^l^(B n ) into .4 ( ((B n ), then we have for 
every / € ^(B n ) and g E B = (-4*(B n ))*, 

(36) \(h b (f),g) a \ = \(b,fg)a\ < C'H/iftllll/lftllsIlB- 

We will apply the inequality (1361) to / and g, with 


f{z) = fw(z ) = 4* 


-l 


_ | | 2 ^ Tl— |— 1— |— Of— |—fc 

(1 - \w\ 2 ) n+1+a J (1 - ( z,w)) n+1+a+k 


and 

g(z) = log(l - (z,w)) 

where k is an integer with k > (n + 1 + a)(| — 1 ). 

We have seen that / is uniformly in ^^(B" - ) and it is well known that g 
is uniformly in B. It follows that 
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> c§ 


-1 


1 


lim / 

r ^ 1 J B 


(1 — |u!| 2 ) n+1+a 
b(z) 


(i-hf) 


2\n+l-\-a-\-k 


(1 - (w,rz)) 


n+l+a+fc 


log(l - ( w,rz))dv a (z ) 


= C 


(1 - |w;| 2 ) 


2 \k 


lim 


b(z) 


P ((1 - \w\ 2 ) n+l+a ) r- >1. 
This is equivalent to 

(1 - \w\ 2 ) k 


lim 


(1 — (w, rz )) 


b(z) 


n-\-l-\-a-\-k 


log(l - (■ w,rz))dv a (z) 


log(l - \w\ 2 )dv a (z)+ 


*-n J B» P ((1 - H) n+1+Q ) (1 - (w, r^)) n+1+a+fc 

lim / b(z)h(rz)dv a (z) 

r_>1 J B n 

where 

1 


<C\\h b \\ 


h(z) = $ 


-l 


(1 — \ W \ 2 ) n+l+a+k (l — (z,w) 
log 


(1 - \w\ 2 ) n+1+a ) (1 - (z,w)) n+1 + a+k V 1 - \w 


We have seen at the beginning of this section that h is uniformly in A% (B n ). 
That is 

IWlS<c. 

It follows using (|36p with / = h and g = 1 that 


lim / b(z)h(rz)du a (z) 

r ~-./Mn 


<C\\h b \\. 


We deduce that 

(1- \w\ 2 ) k 


b(z) 


J™ 7b« P((l - |w| 2 ) n+1+ “) (1 - ( w,rz)) n+1+a+k 
or equivalently 

b(z 


log(l - \w\ 2 )dv a {z ) 


<C\\h b \\ 


lim 


: dv a (z) 


< C\\h b \\(l - \w\ z ) 


2 \-k 


r-*J B" (1- (w,rz)) n+1+a+k 

p((l - \w\ 2 ) n+1+a ) (tog 

That is, for w € B n 

\M£b(w)\ < CII4IK1 - M 2 rV(U - MT +1+ “) (log^r^p 

The proof is complete. 


1 — \w\ 2 


□ 
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4.5. Boundedness of h b : A^ 1 (B 71 ) -»• A% 2 { B 71 ); ($i,$ 2 ) € 2z? p x fy*. The 
following result extends the classical case h b : Ma(B n ) —>• Ma(B n ), 0 < p < 1 
and g > 1. 


THEOREM 4.9. Let 4>i G T£ v and 4>2 G pi(t) = and assume 

that d> 2 satisfies the Dini condition Iil3\) . Then the Hankel operator h b ex¬ 
tends into a hounded operator from _4^!(B n ) into M^ 2 (B n ) if and only if its 
symbol b belongs to r a) p(B n ) = (M^B 77 ))*, where 

Pi 

p = p$ ■■= —• 

P2 


Proof. We start by proving the sufficiency of the condition for the bounded¬ 
ness. Let 4>j, j = 1,2 be as in the hypothesis and p = := Denoting 

by T 2 the complementary function of 4>2, then as 4> -1 (f) = < h^ 1 (t)4'^ 1 (t), 
Proposition 12.71 gives that fg G *4.J(B n ) for any / € M^B 77 ) and g € 
4^ 2 (B n ). Moreover, the dual space of M^B 77 ) coincides with T QiP since 
G £A r for some 0 < r < p (see Lemma 12.41) . It follows that there exists a 
positive constant C such that 

\(h b (f),g ) a | = \{b,fg) a \ < C\\b\\ Ta J\fg\t% < C\\b\\r a J\f\\ l ^M\ l ^2- 


We conclude that if b G r Qp (B n ), then h b is bounded from Mj^B 77 ) into 
Mq 2 (B") with \\h b \\<C\\b\\r a . p . 

Conversely, suppose that h b extends into a bounded operator from A® 1 (B 77 ) 
into *4,Q 2 (B n ). Then as in (1361) . we have 


(37) 

\(hf,g)a 


lim / 

r_> ' 1 J B" 


b(z)f (rz)g(rz)dis a (z) 


< c||/. t ||||/||L% 


lux 


Let w € B 71 , we apply the above inequality to 


and 


./(:) f w (z) ^l 1 ( ( 1 _| w | 2 ) n+l+a) (1 _ (L,L>) fc -l ’ 

(1 — \w\ 2 ) n+2+a 


g( z ) = t 2 


.(1 - \w\ 2 ) n+1+a J (1 - (z,w)) n + 2+a ’ 
with k > rt+ p +a + 1. Using Lemma [2.171 and Lemma l2.181 one easily verifies 
that / and g are uniformly in MJ^B 77 ) and A^ 2 ( B 71 ) respectively. Hence 


I (h(f),g)c 




-1 


((1- |tc| 2 ) n+1+ “) ^ ^ 


2 \ n+l-\-a-\-k 


lim 

T —^1 


b(z) 


(1 - (w, rz)) n+l+a+k 
<C\\h b \\. 


dn a (z) 


That is, for all w G B n , 

\M k b{w)\ < C\\h b \\(l - \w\ 2 )~ k p ((l - |w| 2 )" +1+ “^ , 

Thus ||&||r a < Cll^ftll- This completes the proof of the theorem. □ 
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4.6. Boundedness of h b : A® 1 (B n ) -»• A% 2 { B n ); (4*i,4> 2 ) G x ty*. 

THEOREM 4.10. Let 4>i and 4>2 in % q , and pfit ) = A Denote by 

i \ / / 

4^2 the complementary function o/4> 2 - We suppose that: 

(i) 4*2 satisfies the Dini condition m 

(ii) — l/) / i - (/) is non-decreasing. 

Then the Hankel operator h b extends into a bounded operator from ■4^ 1 (B n ) 
into „4.^ 2 (B n ) if and only if its symbol b belongs to r aj/5$ , where 

Pi 

P = P<1> := —• 

P2 

Proof. Condition (i) implies that the dual space of A% 2 (B n ) is ^l^ 2 (B n ). 
Condition (ii) implies that 4> € for some 0 < p < 1. The whole proof 
follows the lines of the proof of Theorem 14.91 □ 

We observe that in the proof of the above theorem, the condition (ii) is 
used to ensure that the resulting growth function 4> is in some Hence 
using Lemma 12.61 we have the following. 

PROPOSITION 4.11. Let 4>i and 4 > 2 in ty g , and Pi(t) = -A-• We 

suppose that 

(i) 4*2 satisfies the Dini condition m 
(n) —— -. - is non-mcreasmg. 

Then the Hankel operator h b extends into a bounded operator from .A^ 1 (B n ) 
into y!.Q 2 (B n ) if and only if its symbol b belongs to = (^l^(B n ))*, where 

Pi 

P-F := —• 

P2 
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